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In this paper we will establish a relation between spacelike Weingarten surfaces
with condition K q 2mH s m2 q l 2 in R3 and solutions of the sine-Gordon1
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1. SPACELIKE WEINGARTEN SURFACES
Let R3 be a 3-dimensional Minkowski space. We consider a spacelike1
Weingarten surface S in R3 satisfying1
K q 2mH s m2 q l 2 , 1.1 .
in which K is its Gauss curvature, H the mean curvature, and m, l are
constants with m2 q l 2 ) 0.
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 . 3Suppose that S is a spacelike surface with condition 1.1 in R , and S1
has no umbilical point, so we can take the lines of curvature as its
parametric curves, and write its fundamental forms as
I s A2 du2 q B2 d¨ 2 ,
II s k A2 du2 q k B2 d¨ 2 ,1 2
where k , k are the principal curvatures of S. Let1 2
v1 s A du, v 2 s B d¨ ,
1.2 .
v 3 s k A du, v 3 s k B d¨ .1 1 2 2
Then the Gauss and Codazzi equations become
K s yk k ,1 2
k y k A q k A s 0, 1.3 .  .  .1 2 ¨ 1 ¨
k y k B q k B s 0. .  .2 1 u 2 u
w xBy use of the same method as in our previous paper 2 , we can
introduce new parameters locally on S, denoted still by u and ¨ , such that
its fundamental forms become
1 f f
2 2 2 2I s cos ? du q sin ? d¨ ,2 2  /2 2m q l
1.4 .
1 f y f f f y f f0 02 2II s sin cos ? du y cos sin ? d¨ , /2 2’ 2 2 2 2m q l
where
f m f l0 0
sin s y , cos s . 1.5 .
2 2 2 2’ ’2 2m q l m q l
For convenience, the local parameters u, ¨ of a spacelike Weingarten
 .surface S with condition 1.1 , for which its fundamental forms can be
 .written by 1.4 , are called Tschebyscheff coordinates on S, and f is called
the Tschebyscheff angle.
 .It follows from 1.4 that
1 f 1 f
1 2v s cos ? du, v s sin ? d¨ , 1.6 .
2 2 2 2’ ’2 2m q l m q l
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f y f03 1 1v s v s yk v s ysin ? du,1 3 1 2
1.7 .
f y f03 2 2v s v s yk v s cos ? d¨ ,2 3 2 2
and
1
2 1v s yv s f du q f d¨ . 1.8 .  .1 2 ¨ u2
The principal curvatures of S are
sin f y f r2 . .02 2’k s m q l ? ,1 cos fr2 .
1.9 .
cos f y f r2 . .02 2’k s y m q l ? .2 sin fr2 .
Obviously, the following Codazzi equations
dv 3 s v 2 n v 3 , dv 3 s v1 n v 31 1 2 2 2 1
hold automatically and the Gauss equation dv 2 s Kv1 n v 2 s v 3 n v 21 1 3
reads
f y f s ysin f y f . 1.10 .  .uu ¨ ¨ 0
We record these results as follows.
THEOREM 1.1. Suppose S is a spacelike Weingarten surface without umbil-
3  .ics in R satisfying condition 1.1 . Then its Tschebyscheff angle f is a1
 .solution of the sine-Gordon equation 1.10 .
ÄCon¨ersely, if f is a solution of the sine-Gordon equation
Ä Ä Äf y f s ysin f , 1.11 .uu ¨ ¨
and m, l are constants such that m2 q l 2 ) 0, then there exists locally a
3 Ä .spacelike Weingarten surface S with condition 1.1 in R such that f s f q1
 .f is its Tschebyscheff angle, where f is gi¨ en by 1.5 .0 0
2. DARBOUX LINE CONGRUENCE IN R31
DEFINITION 2.1. Suppose S and SU are two spacelike surfaces in R3,1
and there exists a correspondence between them such that
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 .1 the distance between corresponding points is a constant l, that
U ’< < < < < <is, PP s l, where ¨ s ¨ ? ¨ for a spacelike vector ¨ , and ¨
’s y ¨ ? ¨ for a timelike vector ¨ ;
 .2 lines joining corresponding points are isoclinic with the surfaces
S and SU , that is, we can choose unit normal vectors e and eU on S and3 3
SU , respectively, such that t ? e s yt ? eU s constant, where t is the unit3 3
Udirection vector of PP ;
 .3 the inner product of unit normal vectors at corresponding points
of S and SU is constant, i.e., e ? eU s constant.3 3
Then the congruence in R3, formed by lines joining corresponding points1
of S and SU , is called a Darboux line congruence associated with them.
Remark 2.1. Evidently, a pseudo-spherical line congruence between
3  w x.spacelike surfaces in R see 8 is a special kind of Darboux line1
 U .congruence i.e., t ? e s 0 s t ? e .3 3
A Darboux line congruence is called spacelike or timelike according to
its direction vector t being spacelike or timelike the case that t is lightlike
.is not in our consideration .
If S is a timelike Darboux line congruence, then we can assume that
t ? e s yt ? eU s ycosh g s const., 2.1 .3 3
e ? eU s cosh u s const., 2.2 .3 3
in this case, the end points of vectors t, e , yeU lie on the hyperbolic space3 3
2 2 22 1 2 3 3 1 2 3 3H s x , x , x g R : x q x y x s y1, x ) 0 , .  .  .  . 51
where g is the geodesic distance between t and e , and u is the geodesic3
distance between e and eU. By the triangle inequality, we have3 3
2g G u ) 0,
and
u
coth g F coth ,
2
i.e.,
22 2sinh u y cosh u y 1 coth g G 0. 2.3 .  .
If S is a spacelike Darboux line congruence, we can assume that
t ? e s yt ? eU s ysinh g s const.,3 3
e ? eU s cosh u s const.,3 3
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then we always have
u22 2 2 2 2sinh u y cosh u y 1 tanh g s sinh u 1 y tanh tanh g G 0. 2.4 .  . /2
THEOREM 2.1. Suppose that S and SU are two spacelike surfaces in R3,1
and there exists a correspondence between them such that the lines joining
corresponding points form a Darboux line congruence S in R3. Then both S1
and SU are spacelike Weingarten surfaces satisfying the same condition as
 .1.1 , in which
 .1 when S is a timelike Darboux line congruence,
cosh u y 1 cosh g sinh2u u .
2 2 2m s , l s 1 y tanh ? coth g ,2 2 2  /2l sinh g l sinh g
2.5 .
 .2 when S is a spacelike Darboux line congruence,
cosh u y 1 sinh g sinh2u u .
2 2 2m s , l s 1 y tanh ? tanh g .2 2 2  /2l cosh g l cosh g
2.6 .
 .Proof. Case 1 . Let S be a timelike Darboux line congruence associ-
ated with spacelike surfaces S and SU. Then for a local orthonormal frame
 4field r ; e , e , e on S, the direction vector t along congruence S can be1 2 3
expressed as
t s sinh g cos c e q sin c e q cosh g e . 2.7 .  .1 2 3
So the position vector rU of SU can be expressed as
rU s r q lt , 2.8 .
where l ) 0 is constant. We can choose the normal vector eU of SU so3
that
e ? eU s cosh u , t ? e s yt ? eU s ycosh g , eU ? eU s y1, 2.9 .3 3 3 3 3 3
where both u and g are constant. Now, the normal vector eU of SU can be3
also written as
eU s x e q x e y cosh u e . 2.10 .3 1 1 2 2 3
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 .Then we get from 2.9
x s y cosh u y 1 coth g cos c .1
22 2’q sinh u y cosh u y 1 coth g ? sin c , .
x s y cosh u y 1 coth g sin c .2
22 2’y sinh u y cosh u y 1 coth g ? cos c . .
Put
f cosh u y 10
sin s y coth g ,
2 sinh u
2.11 .





x s sinh u sin c q , x s ysinh u cos c q . 2.12 .1 2 /  /2 2
 .Taking differentiation of 2.8 and using the structure equations we get
drU s v q l cosh gv 3 e q v 2 q l cosh gv 3 e .  .1 1 1 2 2
q l sinh g dc q v 2 ysin c e q cos c e . .1 1 2
q l sinh g cos cv 3 q sin cv 3 e . 2.13 . .1 2 3
From drU ? eU s 0 we have3
f0 2l sinh g sinh u cos dc q v .12
f f0 01 2s sinh u sin c q v y cos c q v /  / /2 2
f0 3q l sinh u cosh g sin c q v1 / 2
f0 3 3 3ycos c q v q l cosh u sinh g cos cv q sin cv . 2.14 . .2 1 2 / /2
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 .Taking differentiation of 2.14 and using the structure equation we get
f0 3 3l sinh g sinh u cos v n v1 22
c f0 02 1 2s dc q v n sinh u cos c q v q sin f q v .1   /  / /2 2
f f0 03 3ql sinh u cosh g cos c q v q sin c q v1 2 /  / /2 2
ql cosh u sinh g ysin cv 3 q cos cv 3 . .1 2 5
 .Then by putting 2.14 in it we have
f02 2 2 2 3 3l sinh g sinh ucos v n v1 22
s ysinh2uv1 n v 2
f02y l sinh u cosh g q sinh u cosh u sinh g sin /2
= v1 n v 3 q v 3 n v 2 .2 1
y l2 sinh2u cosh2g q cosh2u sinh2g
f0 3 3q2 sinh u cosh u sinh g cosh g sin v n v . 2.15 .1 2/2
We know that
v1 n v 3 q v 3 n v 2 s y k q k v1 n v 2 , .2 1 1 2
2.16 .
v 3 n v 3 s k k ? v1 n v 2 .1 2 1 2
 .Then 2.14 can be reduced to
cosh u y 1 cosh g sinh2u .
k k y k q k q s 0. 2.17 .  .1 2 1 22 2 2l sinh g l sinh g
 .  .  .By comparing 2.17 with 1.1 we obtain 2.5 .
 .Because 2.8 can be written as
r s rU q l yt , .
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the same argument is valid for SU. Then the surface SU satisfies the same
 .condition 2.17 .
 .Case 2 . Let S be a spacelike Darboux line congruence associated
with spacelike surfaces S and SU. Then for a local orthogonal frame field
 4r ; e , e , e on S, the direction vector t along congruence S can be1 2 3
expressed as
t s cosh g cos c e q sin c e q sinh g e . 2.18 .  .1 2 3
 .By a similar procedure as in Case 1 we obtain
f0 2l cosh g sinh u cos dc q v .12
f f0 01 2s sinh u sin c q v y cos c q v /  / /2 2
f0 3q l sinh u sinh g sin c q v1 / 2
f0 3 3 3ycos c q v q l cosh u cosh g cos cv q sin cv , 2.19 . .2 1 2 / /2
in which f is given by0
f cosh u y 10
sin s y ? tanh g ,
2 sinh u
2.20 .
22 2’f sinh u y cosh u y 1 tanh g .0
cos s .
2 sinh u
A similar argument as above gives
cosh u y 1 sinh g sinh2u .
k k y k q k q s 0. 2.21 .  .1 2 1 22 2 2l cosh g l cosh g
È3. BACKLUND TRANSFORMATION
Suppose S is a timelike Darboux line congruence associated with
spacelike surfaces S and SU in R3, so S and SU are Weingarten spacelike1
 .  .surfaces with condition 1.1 , and m, l are given by 2.5 . Let u, ¨ be the
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Tschebyscheff coordinates on S. Then
l sinh g f l sinh g f
1 2v s cos ? du, v s sin ? d¨ ,
sinh u 2 sinh u 2
f y f f y f0 03 3v s ysin ? du, v s cos ? d¨ ,1 22 2
3.1 .
1
2v s f du q f d¨ , .1 ¨ u2
 .where f is given by 2.11 . Let0
fU
c s y , 3.2 .
2
 .  .and put 3.1 into 2.14 . Then we have
sinh u dc q v 2 .1
fU y f f y f0 0s ydu ? sin cos 2 2
fU y f f y f0 0qcosh u cos sin /2 2
fU y f f y f0 0y d¨ ? cos sin 2 2
fU y f f y f0 0qcosh u sin cos , 3.3 ./2 2
that is,
fU y f fU y f f y fu ¨ 0 0
sinh u ? s sin cos
2 2 2
fU y f f y f0 0q cosh u cos sin ,
2 2
fU y f fU y f f y f¨ u 0 0
sinh u ? s cos sin
2 2 2
fU y f f y f0 0q cosh u sin cos . 3.4 .
2 2
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By verifying directly we get the following
PROPOSITION 3.1. If f is a solution of the sine-Gordon equation
f y f s ysin f y f , 3.5 .  .uu ¨ ¨ 0
 . Uthen, for any u / 0, Eqs. 3.4 are completely integrable for f , and its
U  .solution f satisfies the same Eq. 3.5 .
 .Therefore 3.4 give a Backlund transformation of solutions of theÈ
 .sine-Gordon equation 3.5 . Furthermore, if S is a spacelike Darboux line
congruence associated with spacelike surfaces S and SU in R3, then we1
 .  .obtain the same Backlund transformation 3.4 from 2.19 .È
In fact, we can prove the following theorem.
 .THEOREM 3.1. Suppose S is a spacelike or timelike Darboux line
congruence associated with spacelike surfaces in R3. Then both S and SU are1
 .spacelike Weingarten surfaces satisfying the same condition as 1.1 , and their
Tschebyscheff angles f and fU are both solutions of the sine-Gordon
 .equation 3.5 , and they are related to each other by a Backlund transforma-È
 .  .tion 3.4 , where f is gi¨ en by 1.5 .0
Proof. We will prove this theorem only for S being the timelike case,
and the proof in another case is similar.
3  w x.Recalling the definition of cross product of vectors in R see 1 , we1
have
e = eU s x1 ? e = e q x 2 ? e = e s x 2e y x1e3 3 3 1 3 2 1 2
f f0 0s ysinh u cos c q e q sin c q e1 2 /  / /2 2
f f0 0 Hs ysinh u cos ? t q sin ? t , 3.6 . /2 2
where
t s cos c ? e q sin c ? e 3.7 .1 2
is the unit vector of orthogonal projection of the direction vector t of S on
tangent space of S, and
t Hs ysin c ? e q cos c ? e .1 2
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Then the vector
f f f f0 0 0 0He s cos ? t q sin ? t s cos c q e q sin c q e 3.8 .1 2 /  /2 2 2 2
is tangent to both S and SU , and f r2 is the angle between t and the0
vector e.
As stated at the beginning of this section we have a local frame field
 4r ; e , e , e , in which e , e are along the principle directions of S. In1 2 3 1 2
 H 4  H 4addition we have two other local frame fields r ; t , t , e and r ; e, e , e3 3
on S, where
f f0 0H He s e = e s ysin ? t q cos ? t3 2 2
f f0 0s ysin c q e q cos c q e , 3.9 .1 2 /  /2 2
 U U U H U4 Uand a local frame field r ; e , e , e on S , where3
f f0 0U U Ue s ye s ycos c y ? e y sin c y ? e1 2 /  /2 2
fU y f fU y f0 0s ycos ? e q sin ? e ,1 22 2
eU Hs eU = eU3
f f0 0s cosh u ysin c q ? e q cos c q ? e q sinh u ? e1 2 3 /  / /2 2
fU y f fU y f0 0s cosh u sin ? e q cos ? e q sinh u ? e . 3.10 .1 2 3 /2 2
 .  .Putting 3.3 into 2.13 , we get
l sinh g f f y f0Udr s cos y l cosh g sin du ? e1 /sinh u 2 2
l sinh g f f y f0q sin q l cosh g cos d¨ ? e2 /sinh u 2 2
l sinh g fU y f f y f0 0y sin cos sinh u 2 2
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fU y f f y f0 0qcosh u cos sin du/2 2
fU y f f y f0 0q cos sin 2 2
fU y f f y f0 0 Hqcosh u sin cos d¨ ? t5/2 2
fU f y f fU f y f0 0y l sinh g cos sin du q sin cos d¨ ? e .3 /2 2 2 2
3.11 .
 U1 U 24  U U U H U4 UDenote j , j the coframe dual to r ; e , e , e on S . So3
j U1 s drU ? eU
l sinh g fU f y f fU f y f0 0s y cos cos du y sin sin d¨ , /sinh u 2 2 2 2
j U 2 s drU ? eU H
3.12 .
l sinh g fU f y f fU f y f0 0s y cos sin du q sin cos d¨ . /sinh u 2 2 2 2
U 3 U 3  .To find out j and j we take differentiation of 2.10 , and get1 2
deU s yx 2e q x1e dc q v 2 q x 3 v 3e q v 3 e q x1v 3 q x 2v 3 e .  .  .  .3 1 2 1 1 1 2 2 1 2 3
fU y f f y f fU y f f y f0 0 0 0s y sin cos q cosh u cos sin du  /2 2 2 2
fU y f f y f fU y f f y f0 0 0 0q cos sin q cosh u sin cos d¨ e5 /2 2 2 2
f y f f y f0 0q cosh u sin du ? e y cos d¨ ? e1 2 /2 2
fU y f f y f0 0q sinh u sin sin du 2 2
fU y f f y f0 0ycos cos d¨ e , 3.13 .3/2 2
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there we have
j U 3 s deU ? eU1 3
fU y f f y f fU y f f y f0 0 0 0s sin cos du q cos sin d¨ ,
2 2 2 2
j U 3 s deU ? eU H2 3
3.14 .
fU y f f y f fU y f f y f0 0 0 0s sin sin du y cos cos d¨ .
2 2 2 2
 U U U U4 UConsider a local frame field r ; e , e , e on S such that1 2 3
f y f f y f0 0U U Ue s cos e y sin e ,1 22 2
3.15 .
f y f f y f0 0U H U Ue s sin e q cos e ,1 22 2
 U1 U 24and denote its dual as v , v . Then we have
f y f f y f l sinh g fU0 0U1 U1 U 2v s cos j q sin j s y cos du,
2 2 sinh u 2
f y f f y f l sinh g fU0 0U 2 U1 U 2v s ysin j q cos j s y sin d¨ ,
2 2 sinh u 2
3.16 .
f y f f y f fU y f0 0 0U 3 U 3 U 3v s cos j q sin j s sin du,1 1 22 2 2
f y f f y f fU y f0 0 0U 3 U 3 U 3v s ysin j q cos j s ycos d¨ .2 1 22 2 2
 .Comparing the above formulas with 3.1 , we know that u and ¨ are
Tschebyscheff coordinates on SU , and fU is its Tschebyscheff angle.
Remark 3.1. Theorem 3.1 implies a way to construct new Weingarten
 . 3spacelike surfaces with condition 1.1 in R from a given one. Without1
 . loss of generality, we can always assume m G 0 in 1.1 if necessary,
.change the orientation of S .
 . 3THEOREM 3.2. Suppose S is a spacelike surface with condition 1.1 in R ,1
2 2’ .m G 0. For any gi¨ en real number u ) 0 and tanh ur2 / mr m q l ,
we can construct a Darboux line congruence S such that the solution of the
 .completely integrable equation 3.4 is the Tschebyscheff angle of the corre-
sponding surface SU.
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2 2’ .Proof. Assume that tanh ur2 - mr m q l . Then we can choose g
such that
u m
coth g s coth ? ) 1.
2 2’2 m q l
 .  .Let u, ¨ be the Tschebyscheff coordinates on S. Then Eq. 3.4 is
completely integrable by Theorem 3.1 and Proposition 3.1. Let fU be the
 . U  .  .solution of 3.4 such that f u , ¨ s f u , ¨ . Put0 0 0 0
1 sinh u
l s ? ,
2 2’ sinh gm q l
 .  .  .then 2.5 , 2.11 , 3.1 hold. Let
fU fU
t s sinh g cos ? e y sin ? e q cosh g e , 3.17 .1 2 3 /2 2
and
rU s r q lt . 3.18 .
We want to prove that rU is a spacelike surface, and that the above
formula gives a timelike Darboux line congruence in R3 associated with S1
and SU.
Let
fU y f fU y f0 0Ue s ysinh u sin e q cos e y cosh u e . 3.19 .3 1 2 3 /2 2
 .By differentiation of 3.18 we get
fU fU
U 1 2dr s v e q v e y l sinh g sin e q cos e1 2 1 2 /2 2
=
fU y f fU y fu ¨ ¨ u
du q d¨ /2 2
q l cosh g v 3e q v 3 e .1 1 2 2
fU fU
3 3q l sinh g cos v y sin v e . 3.20 .1 2 3 /2 2
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 .  .By use of 3.1 and 3.4 we obtain
fU y f fU y f0 0U U 1 2dr ? e s ysinh u sin v q cos v3  /2 2
f fU y f fU y f0 u ¨ ¨ uq l sinh u sinh g cos du q d¨ /2 2 2
fU y f fU y f0 03 3y l sinh u cosh g sin v q cos v1 2 /2 2
fU fU
3 3q l cosh u sinh g cos v y sin v1 2 /2 2
s 0, 3.21 .
U U  . U U Uthus e is a normal vector of S . From 3.19 , e ? e s y1. Then S is a3 3 3
spacelike surface.
From the definition of t and eU , we have3
t ? e s yt ? eU s ycosh g s const.,3 3
3.22 .Ue ? e s cosh g s const., t ? t s y1,3 3
 .hence the line congruence given by 3.18 is a timelike Darboux line
congruence. By Theorem 3.1, fU is the Tschebyscheff angle of SU.
2 2’ .If tanh ur2 ) mr m q l , then we can choose g such that
u m
tanh g s coth ? - 1, 3.23 .
2 2’2 m q l
and let
fU fU
t s cosh g cos ? e y sin ? e q sinh g e , 3.24 .1 2 3 /2 2
rU s r q lt . 3.25 .
The remainder of proof is similar to above; we omit the details here.
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